Lecture 8

Trigonometric Identities and Sum, Double-Angle,
and Half-Angle Formulas
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© Use Algebra to Establish Trigonometric Identities
@ Use Sum and Difference Formulas to Find Exact Values and Establish Identities
© Use Double-Angle and Half-Angle Formulas to Find Exact Values and Establish Identities
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|dentity vs. Conditional Equation

o2 2
Sih X+ 05 x = |
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Two functions f and g are called identically equal if

f(x) = g(x)

for every value of x for which both sides are defined. Such an equation is an identity.

An equation that holds for only some values of x - not all - is a conditional equation.

oS~
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|dentity vs. Conditional Equation

Two functions f and g are called identically equal if

f(x) = g(x)
for every value of x for which both sides are defined. Such an equation is an identity.
An equation that holds for only some values of x - not all - is a conditional equation.

Special attention: proving an identity is not like solving an equation. You never move terms across
the equals sign; instead you rewrite one side, step by step, until it matches the other side exactly.
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Quotient and Reciprocal ldentities

Quotient ldentities

sinf cos 6
tan@ = cotf = —
cos b sind
Reciprocal Identities
1 1 1
0 = —— 0 = tl =
¢ sind >ec cos b <o tan 6
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Pythagorean and Even—Odd Identities

Pythagorean ldentities

sin?6 4+ cos? 6 = 1 tan®f + 1 = sec®d cot? 0 +1 = csc? 0

Even—0dd ldentities
sin(—f) = —sind cos(—#) = cos tan(—0) = —tan6

csc(—60) = —csc sec(—0) = secf cot(—0) = —cotd
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Objective 1

Use Algebra to Simplify Trigonometric Expressions
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Four Go-To Algebraic Moves

Establishing an identity almost always comes down to one (or more) of these moves:
© Rewrite every function in terms of sine and cosine only.
@ Multiply the numerator and denominator of a fraction by a “well-chosen 1."
© Combine a sum or difference of ratios into a single fraction.

© Factor, then cancel common pieces.
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Four Go-To Algebraic Moves

Establishing an identity almost always comes down to one (or more) of these moves:
© Rewrite every function in terms of sine and cosine only.

@ Multiply the numerator and denominator of a fraction by a “well-chosen 1."

© Combine a sum or difference of ratios into a single fraction. 6 g
- o 14
© Factor, then cancel common pieces. | - A¥ —M/w'o_
-

Special attention: these are tools, not a fixed order : look at the expression first and decide which
move actually helps.
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Example: Simplifying with Algebra

Work out each of the following, showing every algebraic step:

(a) Simplify tan 0

by rewriting both functions in terms of sine and cosine.

sec
| 1
(b) Show that —>m0 - cos?

by multiplying numerator and denominator by 1 + cos#f.

— cos @ - sin 6
cos?f — 1
implif factoring.
(<) Simplify tanf cosf + tan 6 by factoring
= - &
Sl whion.
o> {a“e = 4.8 -:le N Sind- c9’(6- = SiVIG‘
\SeLO ec SP{G m
_[,> L'H-S = S'IVlS
| —Cos®
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smb  _ &in® 14 gnB (14 cosB) _ sin® (14 e9)

—_— =

1~ CosB I-Cos®  |tcer® (- cos8) (1+®) | - Cos™®)
gmé (I+m&) me/.(wcm%)
- “p $)«f6"—5"‘9 AR (_/jc_-\'li)(A/-B)
RIS L Y g tee =
Sing- 5 1-t* 6= pte-

2 2
S L (Y S DG LRV
fud - (n® + 1D hMWQ

- (059" \
tant
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Objective 2

Establish Trigonometric Identities
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Example: Establishing an Identity

Establish the identity:
csch -tan @ = secl
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Example: Establishing an Identity

Establish the identity:

Special attention: start from the side that looks more complicated. Here, that's the left, and rewrite

until it turns into the right side.

Left &da

1

)

-

csch-tanf = secl

csch - tanb
' st

g‘/wO* ()} 4

—_—

(os6-
= sec® - Qignt yide.

I
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Example: Establishing an Identity

Establish the identity:
sin?(—6) 4 cos?(—6) =1
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Example: Establishing an Identity

Establish the identity:

sin?(—6) 4 cos?(—6) =1

Special attention: the arguments are —@, so start by applying the Even—Odd Identities before
anything else.

s (~8) t it (-%)

1

2 o
[sne»)]) + TLones)]

N

)1

= % + @

()
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Example: Establishing an Identity

Establish the identity:
sin?(—0) — cos?(—6)

= cosf —sind
sin(—0) — cos(—0) cosv e
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Example: Establishing an Identity

A8 =(a10) (A-B)

Establish the identity:
- 2 2
sin“(—60) — cos“(—6 :
( ) ( ):c050—5|n6’
sin(—0) — cos(—0) —
Special attention: again the arguments are —6 on the left but 8 on the right. So, convert first, then
look for a difference of squares to factor.

LLH Sin C-—‘Q) - (&2 (—-9) _ [sin(—S—)_] - (Cmn -] [ &w
: ) Ln-8)= — D
V’/*_J*/i gin (-0 ) - C&(-8) ~ S ~ % Co (5= Cm‘B—J
_ (= 2 0 2
- (" vy~ (=m® . SivB (%
- 6B - (% - ( b + ob)
S g, - )
cst 7w (847D ( 51~ 1 ©) - (e

(P £ - (W@) = -gnb + @®
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Example: Establishing an Identity

Establish the identity:

T cing
1+ csch >
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Example: Establishing an Identity

Establish the identity:

— Y sinb
1+ csch >

Special attention: rewrite csc as —— first, then combine the denominator into a single fraction

sin
before simplifying. e
Left sde |4 Sinb | + SinB

- _ g4 smb H/w’( fmd = g6
I+csc@ 1+(_'_%> SIh® ¢! ( )
S
%

o) (ors)

I+ 1
QU
- Q\hﬂ x A - (8’\“9 ‘H)
§n-o gm0 ¢“n®
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Example: Establishing an Identity

L G
Establish the identity: ol 1o £ T L)
sin 0 +1—|—c059 5 cscf
. = 2csc
1+ cosé sin 6
Special attention: combine the left side over a common denominator first: a Pythagorean Identity will
appear in the numerator once you expand.

— giwf L HWwo Gne) | Sl . (468 (e @®)
[(0 O Qe (1 +(o8) sind &ue- (14 tLe)
L
L > ftow® a0 £ W O
I B + (I+u09 ST +u019
9 4 2LUNO d‘* () (14 w0)
@@(ww/ '»/ @0 4 bt O Lo

Htewd
—,_2_% (o (wwt) a8 ()
Lind (3 b __
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Example: Establishing an Identity

Establish the identity:
tanv + cotv

=1
sec v csC v
Special attention: rewrite the numerator apd denominator entirely in sine and cosine: the whole
expression collapses quickly once you do. P
\ Y
— LAd: fny 1 (OV (&b VoA ooV
—_— —_— ‘_’__’w_’;
(v %\\.U _ N gn'lﬁ '\)
VR (s SQC'J C eV

e OB
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Example: Establishing an Identity

: — AZR = (At8)(A-BD
Establish the identity:

1—sing  cosf
cos  1+sind
. . . . 1-+sinf . . .2
Special attention: multiply the left side by e 9; a Pythagorean Identity will clear the sin® 6 term
in
in the numerator. Ca-8) (A+B)
left &da:=  \=Sn® | o (LgmB) (irand) o (- SWB(4Gin0)
(ol te It @b 29 (14 in8)

1
- 1-Sing - (05/{6 C (ol =\ -—S'WILSJ

(08 (1+4in8) (o (14 fns)

— Cos& Y 12"82‘{ Gde
[t Sive
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Guidelines for Establishing ldentities

@ Start with the side that looks more complicated.
© Rewrite a sum or difference of ratios as a single ratio.
© When stuck, rewrite everything in terms of sine and cosine.

O Keep the target side in view — let its shape guide which move to try next.
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Objective 3

Use Sum and Difference Formulas to Find Exact Values
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Theorem: Sum and Difference Formulas for Cosine

-
N

cos(a 4 [5) = cosa.cos B =sin asin 3

\/// cos(a = f3) = cosacosﬁ*—sin asinf3

Special attention: notice the sjgn flips between left and right expressions - a plus inside becomes a
minus outside, and vice versa. (X, a)

((ZDF, fuafe)

(-9 A
\j \P‘PZ = 2t (D)= (e

+ fnx buf
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Example: Using the Sum Formula for an Exact Value

Find the exact value of cos 105°.
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Example: Using the Sum Formula for an Exact Value

Find the exact value of cos 105°.

Note: 105° is not a standard angle, but it /s a sum of two standard angles you already know the sine
and cosine of. Which two?

0 ) O
A (600 ) o+ (as ) (e 75

(105 = (ox( 6"+ 85°) = (60 (n &5 = £no. §in &< ¥
S -z
N N -tz

2 7T 2 2 &

- \I’z - \ré—
L‘_
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Example: Using the Difference Formula for an Exact Value

Find the exact value of cos i—g
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Example: Using the Difference Formula for an Exact Value

: 57
Find the exact value of cos 1o
5
Note: write % as a sum (or difference) of two angles from {%, %, %} with a common denominator
of 12.
cos (ST} = cos [T - 20) . cos (Z-T)
|2 2 + [S

12 '
w H'I/ () (Y
T
™

& t = @bl ol
W, ¥ ¢ g s
Y shoard  [epen ,ﬁaw fo - % . E + \T__g_ _‘;—
AVvTh o 2 2
breat ﬂag/wt &h%f . G+ |
i Shndavd an;éu- 4-

Identities; Sum, Double & Half-Angle Formulas

October 12, 2026



Co-function ldentities

T . LT
cos (E—Q) =sinf sin <§—0> = cosf
—— ¥
Try deriving them.. T el W\E an b
D (
= 0t Gub
- (@
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Theorem: Sum and Difference Formulas for Sine

sin(a + B) = sina.cos B + cos asin 3

sin(aw — B) = sinavcos 3 — cos asin 3
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Example: Using the Difference Formula for an Exact Value

Find the exact value of sin —. / —_E;-"-d Gn (lﬂ'
12 1
~— - —
n(r Kan 2T i_ﬂ;
g| (TL) ( ﬁ + 12
v (Y
& ( 4T _ 3T < ™/
I 12 ¥ (P)
Z% N /e ()
= (e (B) :—%W\EU)E—‘-WBS’I“E
4 4 3
S ety X — n .0 3
/3 /Q g ’ = \IZ—. d o4 \E— \3
2 > 1
~ , Do sghe
- — = ﬁl//l’ - J2 +J%
L]—

October 12, 2026
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Example: Recognizing the Sum Formula in Reverse

fmlxAp)= Bracbft LR mp

—

C——— -~

(Y
Find the exact value of /s 1S .
sin 75° cos 15° + cos 75° sin 15° R= \&

—
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Example: Recognizing the Sum Formula in Reverse

Find the exact value of
sin 75° cos 15° 4 cos 75° sin 15°

Hint: don’t evaluate each piece separately — the whole right-hand sid ili is staring
“you. Vich for ith a = 75°, B = 15°?
back at you ormula, and with o« = 75°, 8 =15 [ < P7: NI T

—

-

AR TS (1S La78 s
- 'l (73’0{-\5-) o~ g]v\ (400) z ]
TRY ™ i o (oS 26" — (03 80 §m2e”

— e, sm(86-20°
= ({mgo': \FB/,_

V)
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Example: Finding Several Exact Values

Suppose

1 3r
with E <a<m andsinff =—= W|th T<B< > Find the exact
————————————— — e
e —_ %
iy

m
(a)[cosa)  (b)[coss]

Special attention: place « and 3 in their correct quadrants, then use a Pythagorean Identity or a right
triangle to recover the missing cosine. Watch the sign!

value of each:

Gtott et = |

e A N

¢sc &>e b ‘ ) (‘a;lo(: '_g“,(

o s :'m — =~ yo V) LRz~ \T\—/fw:}z
:—m 1l W -z %
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Example: Finding Several Exact Values

Using the same « and 3 as before, now find:
(c) cos(a+ B) (d) sin(a + B)

Special attention: this is simply pluggifg your four values of sin «, cosa, sin 3, cos 3 into the Sum
Formulas - no new ideas needed.

K. - S o f

A - BB

~ i\&_ 4 o _ [L\[r').(") ‘\I_‘—: \rz./z\fz-h)
{21 RS RS JLo ¢
= 4+
(S
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Theorem: Sum and Difference Formulas for Tangent

|~ tana 4+ tan 3 tana —tan 3
tan(a +5) 1 —tanatan an(a f f) 1 +tanatanf

These follow from dividing the sine sum/difference formula bz/lthe cosine sum/difference formula —

worth re-deriving once Jon your own. o ye G (- p)
(o (xtp)
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Example: Establishing an Identity

Establish the identity:
cos(a — )
sin asin

Hint: expand the numerator with thg’ Difference Formula for cosine first, then split the resulting

= cotacotff +1

fraction into two pleces.

(cos - trB + o §) )
cn {O(—B') _ (a)d~Cnp 4 fn. "Mp _ eno: Gng G- N |

G L Gung. Qi

1)

cotol. cot [L—(- [

Identities; Sum, Double & Half-Angle Formulas October 12, 2026



Example: Establishing an Identity

Establish the identity:
tan(f + m) = tan 6

Hint: expand using the Sum Formula for tangent, then evaluate tan m — most of the expression

collapses immediately. 0
B Y I Y R R . -
| ~ hu@'W° !

= Bu0+0 . pub Right
=0
y Jhs chen A=8 e fundkic dunche sl O(,emv -
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Example: Establishing an Identity

Prove the identity:

419
tan (9 — g) = —cotf fj(’x)
Hint: it may be easier to rewriw@nd expand numerator and denominator with the j\
Difference Formulas separately. ad
") 9" lT/ n|~ "; - 9' - 0
Left: —hu[&*“/l) - (TR —_h[(/z )]
(n(o-T)  o[~(T9]— e
- ):j-h()
- = Gn| ~9) 1! X
s sin(9-0) = By - g"(_z
“o)= G LT -8
(0 (90-8)= B8 (T,-8)
h“(ga."g‘): T — - (_05‘9_' ~ __(,o'l‘&
Gne
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Summary: Sum and Difference Formulas

T

cos(a £+ ) = cosacos B F sinasin 8
sin(aw + ) = sinavcos 3 + cos asin B

tana +tanf
1Ftanatanp

tan(a + B) =
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Objective 4
Use Double-Angle and Half-Angle Formulas

0
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Theorem: Double-Angle Formulas

- w0 )
B[ = G- =+ Cak: G R Qn 20 = 20

sin(20) = 2sin f cos 0
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Example: Finding Exact Values with the Double-Angle Formulas

5
If sin@ = — and T < 0 < 7, find the exact value of: e 19 n

7 (o A
oo e

Special attention: part (a) needs cosf too — find it first (watch the sign in quadrant II) — while part
(b) can be done directly from sin @ alone using one of the three cosine double-angle forms.

Y
G'ww.: end = S‘/6 A v 1—0..1'9 |

ol P
cge:—l,.%.’-.,\"-g \g\ (_m‘ﬁ:&l*?]h@
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Example: Deriving New Double-Angle Formulas

(a) Derive a formula for tan(26) in terms of tan & only.
(b) Derive a formula for sin(30) in terms of sin § and cos 6 only.

Special attention: for (a), start from the Sum Formula for tangent with a = 5 = 6. For (b), write
30 = 20 + 0 and apply a Sum Formula together with the Double-Angle Formulas.

{GV\ (29) = 2 tan B tn [OH,P))_: hy\o(+ b\h.‘l

\-'(1-«—{—»%

o(::p:g

Sin(29) = fin(29186) 8) (0 F ©£(@0)-5-0 _—
= ~ hbllg) &,-..G '{7""(29) - {ﬂ"‘e .(-11«.0
I__(-;\;O-hLB

Gnl3D) = 3 Sind 0B -

glh(o(fp)‘-‘ ot G+ S«hg. (=4
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Power-Reduction Formulas

1 — cos(20) coc? 9:1 + cos(26) an2 g — 1 — cos(20)

.2 .
sin“ 6 = /2 2 1 + cos(20)

These come directly from solving the Double-Angle Formulas for cos(26) — they trade a squared
function for a “flattér” expression, one power lower.

oot o(2§) o 1- [-25i08]

2 2 ,
- ff+2 sintB - 4 "0 - L10 — WSt &e.

2 7
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Example: Eliminating Higher Powers

Rewrite cos* @ as an equivalent expression that involves no power of sine or cosine higher than
1.

Special attention: start by writing cos* § = (cos? #)?, then apply a Power-Reduction Formula twice —
once on the outside, and again on the cos?(26) term that appears afterward.

-—

9
(‘aﬁ[}: Cc@?@)Z = (wcm(a&)) L: L Ll—’r ’2(67(?«9)+w(29)j
2 &

11

P

~
- o -

(o7 (28) t ,é (@ (49)

A
% 2
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Example: Solving a Trigonometric Equation (1 of 2)

Solve:

1
sinf cos @ = 7 0<60 < 2.

Special attention: the left side is half of a familiar double-angle expression — multiply both sides by 2
to reveal it, then solve for 26 before dividing back down to 6. Remember: 26 ranges over [0, 47), so

expect more than one family of solutions.

= b Ly = - ) (0<o<2n)
q;
S 2.0 - |z -2 L =~ -~
4 2
S Sin (2@) = |~

~ e A k) ok iy
54 /\A ) 1 L_bgqv,(ﬂ_ﬂ: 4 ) !, l
-7 08 = N 4omk ¢
Doum 23T ) P & = (p= 1 ; 1k K=o, k=1, k=2

Iz 'L, 2 T" ! weo ~l_ ke,

~ bt (o) 2)
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Example: Solving a Trigonometric Equation (2 of 2)

1
Continue solving sin(26) = —5 for all 6 € [0, 27).

Special attention: write the general solution for 20 first (there are two families, k an integer), then
substitute k = 0,1,2,... into each family and keep only the values of € that land inside [0, 27).

_T'Y\’ :jr(ru'r Mm!]
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Theorem: Half-Angle Formulas

e’ 1 — cosa Qa 1+ cosa Qa 1 — cosa
— =44/ — — =4 — tan — = 4+4/ ————
>N5 V™ 2 €055 V™ 2 N5 V' 1+ cosa

Special attention: the + sign is not optional — it must be resolved every time by checking which
« .
quadrant > actually lies in.
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Example: Using a Half-Angle Formula

Use a Half-Angle Formula to find the exact value of: w‘)b P
Do © 2+
(a) cos75° (b) sin(—75°) s A
/ — 2
150°

Special attention: for (a), notice 75° = 5 and decide the sign from the quadrant of 75° itself. For
(b), use the odd-function identity sin(—75°) = —sin(75°) before reaching for the Half-Angle Formula.

£ 75‘: IO U Se lnc-lb A’T‘%/L ]4‘17\/«1,1
w(@.):\/i—{-@ip' : \[Z'—\@
e
-

>
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Example: Using a Half-Angle Formula

2 3r .
If cosa = —= with Tt < a < ; find the exact value of:
(a) sin% (b) cos% (c) tan%

Special attention: first pin down which quadrant > falls in — that one fact fixes the sign in all three

formulas.
y
ok BT Y ot
I | < 2 2 fio - I iuadr
f Z x L 3
2
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Reference: An Alternate Tangent Half-Angle Formula

Qa 1 — cosa sin v
tan — = - =
2 sin « 1+ cosa

Special attention: this version has no square root and no ambiguous sign — often the fastest route to
& .
tan > when both sina and cos a are already known.
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@ An identity holds for every valid input; always work one side until it matches the other —
never cross the equals sign.

@ Four moves cover most identities: convert to sine/cosine, multiply by a well-chosen 1,
combine fractions, and factor.

e Sum/Difference Formulas turn a non-standard angle into a combination of standard ones
— look for 105° = 45° 4+ 60° type splits.

o Double-Angle and Half-Angle Formulas trade one angle (¢) for another (26 or §) —
always resolve the =+ sign from the quadrant before finishing a Half-Angle problem.
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