Lecture 6

The Inverse Sine, Cosine, and Tangent Functions
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Inverse Trigonometric Functions



© Find the Exact Value of an Inverse Sine, Cosine, or Tangent Function

@ Find an Approximate Value of an Inverse Sine Function

© Use Properties of Inverse Functions to Find Exact Values of Certain Composite Functions

—

© Find the Exact Value of Expressions Involving Inverse Trigonometric Functions

E—
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Review: One-to-One Functions and Inverses

&"(i(X_”)#:fwm»mmhgmi”t . :

For a one-to-one function f and its inverse f—!:
p— )

o f_l(f(x for every x in the domain of f, and f(f~1(x)) = x for every x in th
domain of f @ ST CANCEUATION 2

@ The domain of f = the range of f~*, and the range of f = the domain of 1.

@ The graphs of f and f—! are reflections of one another about the line

Q Ify= f!x) has an inverse function, the implicit equation of the inverse i
Solving for y gives the explicit equation(é = % - Sé) >

Key idea for this lecture: sine, cosine, and tangent are not one-to-one on their full domains, so we

must restrict the domain before an inverse function can exist. M ~X
o

Inverse Trigonometric Functions 3/37




The Sine Function — Restricting the Domain
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y=sinx, —00 < x < 00,
q —1—_...
-l=sy=1 !
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¥ = sin x, —gsxsg, -l=y=1

Special attention: on —oo < x < 00, a horizontal line can cross y = sin x many times — not

i)n/e—to—one. Restricted to [—g, %] the sine function is one-to-one, so an inverse exists there.
— s
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Definition 1: The Inverse Sine Function

:[(x): Sin X i

5"(70: sin % (Z}i /SW‘X))

Gsnl) .
%M“‘“

-1<x<1 and (——§y<z)

i Q 2 2

Read it as: sin”! x (also written arcsin x) is the angle whose sine is x, always chosen from |—Z. Z|.
y 2772
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The Inverse Sine Function — Graph
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—sinlx -1l=x=1 S<y=2"
y=sin"lx, x=1,-5=y=5

The graphs of y = sin x (restricted) and y = sin~! x are reflections of each other about the line y = x.
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Objective 1 2

Find the Exact Value of an Inverse Sine Function
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Example: Exact Value of an Inverse Sine Function
'
Find the exact value of: sin"1(—1). =

Step 1: Let 6 = sin_l(—l). Then 0 is the angle, —5 < 6 < T, whose sine equals —1:
— .\/\: —e—
sin 6 (—\) Tcp<T
ind = (— — — —
2 T2

/ Step 2: Look at the table of standard values.
/
C/

0 T _72' w _1 T z Z T
9 3 4 6 0 6 4 3 9
1 1
sin @ @ —\/5 —\E g 0 = NZ 1
- 2 2 2 2 2
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Exact Value of an Inverse Sine Function (cont.)

Step 3: The only angle 6 in [—Z, Z] whose sine is —1 is —TLZ')/-. Therefore,

sinl(-1)= - Y
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Example: Exact Value of an Inverse Sine Function

RLVAEN
Find the exact value of: sin™! <£> ? 8 = < 1) = E

2 2

IA
e

sinf) = \g_i —fge
2 2

. . 3. : .
Special attention: scan the standard-values table for - in the row sin § — it appears at exactly one

0 inside the allowed interval.
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Objective 2

Find an Approximate Value of an Inverse Sine Function
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Example: Approximate Value of an Inverse Sine Function

Find an approximate value of each function. Express the answer in radians, rounded to two
decimal places. -

Special attention: set your calculator to radian mode before evaluating — these are not “nice” angles
like the earlier examples, so a decimal approximation is the only way to express them. -

~ 034 (b) sin <_%> ~ -0:25

1
-
(a) sin 3
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Objective 3

Use Properties of Inverse Functions to Find Exact Values of Certain
Composite Functions
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Property 1 — Composite Functions with Sine

fL(f(x)) = sin_l(si_nx) = X

f(f_l(X)) = sin(sin_1 x) = x

Special attention: these “cancellation” identitiesonly work when x7is already inside the stated
interval. Outside that interval, you cannot simply cancel — see the next example.
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Example: Composite Functions — Direct Cancellation

Find the exact value of{ sin™? (sink@r;‘iT T° [ e ;) i [ﬁ TZT ) 1—2 ]
2

j olou V/“} [
Solution: This has the form sin™1(sin x) with x = g Check: is g in [-%,5]?
TEE———

ES

Since it is, Property 1 ap_pﬂes directly:
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Example: Composite Functions — Outside the Domain

Y sin (7' (1) < 1

Find the exact value, if any, of: sin [sin”!(—2.5)].
o
Special attention: this has the form sin(sin™* x) with x = —2.5. Before applying Property 1, check

that x is in the domain of sin™!, which is [-1,1].

s —25¢[-1,1p N©
_—

Therefore sin~'(—2.5) is N{T , and so sin [sin~'(—2.5)] is also Un
YEFINED

d
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The Cosine Function — Restricting the Domain

y=cosx,—oco<x<oo, —-l=y=]

y=cosx, 0=x=mxw,-1=y=1

Restricted to [0, 7], the cosine function is one-to-one, so an inverse exists there.
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Definition 2: The Inverse Cosine Function

y = cos 1x means x= cos y

where
—-1<x<1 and 0<y<m

Special attention: the output interval for cos™! is [0, 1] — different from the [—%, %] used for sin~ 1.
Mixing these up is the most common error with inverse trig.
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The Inverse Cosine Function — Graph
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y=cos x,-1=x=1,0=sy=nx

—1

The graphs of y = cos x (restricted to [0, 7]) and y = cos™* x are reflections of each other about y = x.
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Example: Exact Value of an Inverse Cosine Function

1 A L
Find the exact value of: cos_li. @ p = o (’1,) ) Moﬁ val /‘rf 74

g8 (oF = Vi

1 1
Step 1: Let # = cos! 5 Then 6 is the angle, 0 < # < 7, whose cosine equals —:

—

cosf = 0<f<m
2
o cos@
0 1
= g
6 2
x 2
4 2
T T
= |3 2
] 0
2
21 1
3 2
e 2
4 2
5 B
6 2
Step 2: Look at the table of standard values. L~ <
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Exact Value of an Inverse Cosine Function (cont.)

—0<0<T—

1
Step 3: The only angle 6 in [0, 7] whose cosine is = is r(‘(g . Therefore,
\—? 2
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Example: Exact Value of an Inverse Cosine Function

X COS[—6)2(059 o

3
Find the exact value of: cos™! (—%) Cotine EVEN {/uu\ﬁﬁ
ﬁ) |
Solution: Let § = cos™! (— . Then 0 is the angle, 1
2 ————
Y N /\\
-7 / v iy iy 5
0 < 6 < 7, whose cosine equals o S \/‘
\r ~0<f<T—
cosf =__ =~ N3], 0<f<m
q [ TLz
cos™ ! (—?) = ST — 6 o/

s € (Tme)
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Property 2 — Composite Functions with Cosine
dom” g

pﬂlx ’ (AN
L/Prf

1

=

@ { f_l(f(x)) = COS_l(cosx) =X where 0 < x <

f(f_l(x)) = cos(cos_1 x) = x where —1<x<1
|
& X

,P;L/JJ% vt domain Vﬁ C
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Example: Cosine Composite — Special Attention

Find the exact value of (a) cos™! (cos 17T—5) (b) cos™! [cos (_3_7T)]

(@) Is 17r_5 in [0, 7]? \{E_C So Property 2 applies directly:

e ——

cos ! (cos 115> = TU
1S

K7 . : .
(b) Careful: ~ 2" is not in [0, 7], so Property 2 cannot be used directly. But cosine is even:
——

N~—— (3 ' -
cos(—x) = cos x, so rewrite cos ‘ ——W) = (0§ E 2l ) which is in [0, 7]. Now apply Property 2:
o= 4 o e————
q— ———

o fn ()] - s (1)) = 3T
l)—
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The Tangent Function — Restricting the Domain
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y=tanx, —00 < x < o0, ¥'not getial to odd multiplesof% —00 <y< oo \ :

,[; |

homain  TANX: E }

aw aw
y = tan x, —§<x<—,

A bt :

Restricted to the open interval (—%, %) the tangent function is one-to-one, so An inverse exists there.
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Definition 3: The Inverse Tangent Function

y:tan_lx means x =tany
where
s s
—00 < X < 00 and ——<y< =
2 2
y=tan x
; y | y=x
i j_ i tan™ x , . )
| iyv—* Domai- - (':'OO/Od
1 : | T
A | Zﬁh : ~ =
=7cuNn (5
| | N6 T

y=tanl x, 00 < x< 00, ’rc ) IT' ave
—t— — — )
5 <Y< 2 L &-‘
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Example: Exact Value of an Inverse Tangent Function

3
Find the exact value of: tan™! <—§>
H —1 \/§ : ™ s
Solution: Let 6 = tan -5 | Then 0 is the angle, —5 < 6 < 7, whose tangent equals
V3 "l
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Property 3 — Composite Functions with Tangent

f1(f(x)) = tan " (tanx) = x where — g < x < g
-
f(f_l(X)) = tan(tan_l x) = x where — 00 < x < 0
“T—— E

Summary so far:

Domain of f~! Range of f~! Restricted interval for f

vsinox LI 25 ] -5.3]
scosTlx o [-L1] [0, ] [0, 7]
tentx (oo0)  (£5:3) (-3.5)
\/ =
v \/
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Objective 4

Find the Exact Value of Expressions Involving Inverse Trigonometric
Functions
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The Right-Triangle Method — Special Attention

Tk (Y
H[ﬂl’ %My (/%WW

To evaluate an expression like the argument is not a standard angle, so the
table method from before will not work—instead:
%Let 0 _= _the inner inverse function. Identify the ratio this gives you (e.g., tan = % means
opposkit;,j 1, adjace\gz 3). —

A Use the range of the inverse function to determine which quadrant 0 lies in.

@ Find the third side with the Pythagorean theorem, c? = a° 1 b?.

© Read the desired ratio (sine, cosine, or tangent) directly off the triangle, fixing signs for
— :
7 — the quadrant found in Step 2.

b=t () = Wb = 7

—_—
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1
Example: sin [tan_1 §] (1 of 2)

-\, - b

& VA A

Find the exact value of: sin |tan 3 =D
1 |

Step 1: Let\0 = tan™ § Then tan@ — 7% where —5 <0< 3
Step 2: We seek sin . Because tan 6 > 0, it follows that 0 <h< U , so 0 lies
in quadrant ! : 2 -

b

——

O

Az=1
b= - I
C- «Jpgaf;—:_ = Jﬁ-+ B T

Inverse Trigonometric Functions
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1
Example: sin [tan1 §] (2 of 2)

b
Since tanf = —
a

1
=3 take the side opposite # as b =1 y
A
and the side adjacent as a = 3. Find the hypotenuse:

c:\/a2—|—b2244"\'| = \[TO \/ﬁ (3:1)

ang=2- L o - i 3 '
(o ’0

Inverse Trigonometric Functions 32/37




Example: cos [sin_1 (—5

MO = <o
Find the exact value of: cos [sin_1 (—%)]
— -
Step 1: Let 6 = sin~! —5 Thensinfd = ~ '; , where| -5 <0 < 7.
Step 2: We seek cosf. Because sinf < 0, it follows that <6< , so 0 lies
in quadrant __[\/
ﬂ/z )

33/37
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Example: cos [sin1 (—5

1
sinf = —3 for 6 in quadrant IV, so opposite = —

hypotenuse = 2. Find the adjacent side:

VN O
-G =

L/W/_N

Inverse Trigonometric Functions 34 /37




Example: tan [cos_1 (_§

fan O

|

N—

| I
1

Find the exact value of: tan [cos_1 (—§
1

Step 1: Let # = cos™ ' [ —= ). Then cosf = -1 , where 0 < 0 <.
3 — 3 —— =

Step 2: We seek tanf. Because cosf < 0, it follows that 1T << T , so 0 lies
Dtep < - -

in quadrant _ T . >
cosH = -1 <O
3
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Example: tan [cos1 (_§

1
cos) = —— for @ in quadrant |l, so adjacent = —1,
hypotenuse = 3. Find the opposite side: (.7—: ﬁL:(—SL
£— >
b=vet—a=_Js v -5 =8
=22
1
tan [cos_1 <——)] = tanf = b . N2
3 —_— .

(1,2v2) 74
N A
.i\(;) ;
1 X
1
cos f = ——
3
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@ sin!x coslx, tan ! x each give one angle, chosen from a fixed restricted interval —

memorize the three intervals.

1 1

@ For standard angles, use the table of exact values.
@ For a calculator value, always check radian mode.

e Composite-function properties (f ~1(f(x)) = x, etc.) cancel only when the input lies in
the correct interval — otherwise rewrite the angle first (even/odd identities) or the
expression is undefined.

1 :
@ For an expression like sin [tan_1 5] : draw the right triangle, fix the quadrant from the

range of the inverse function, then read off the ratio.
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